We consider an inverse problem in elastodynamics arising in seismic imaging. We prove locally uniqueness of the density of a non-homogeneous, isotropic elastic body from measurements taken on a part of the boundary. We measure the Dirichlet to Neumann map, only on a part of the boundary, corresponding to the isotropic elasticity equation of a 3-dimensional object. In earlier works it has been shown that one can determine the sheer and compressional speeds on a neighborhood of the part of the boundary (accessible part) where the measurements have been taken. In this article we show that one can determine the density of the medium as well, on a neighborhood of the accessible part of the boundary.
Introduction and statement of the main result
Let us consider the elastodynamics equation for an isotropic medium. Let Ω ⊂ R 3 be a bounded domain with smooth boundary. Consider the following elasticity operator in Ω defined as (P u) i = ρ∂ We consider c ijkl = λδ ij δ kl + µδ ik δ jl + µδ il δ jk to be the elasticity tensor for the isotropic medium and 0 < ρ ∈ C ∞ (Ω) is the density with u = (u 1 , u 2 , u 3 ) to be the displacement vector. The elastodynamics equation, for the non-homogeneous isotropic elastic body Ω, can be given as the following initial value problem:
P u = 0 in Ω × (0, T ), u| ∂Ω = f for t ∈ (0, T ), u| t=0 = 0, (∂ t u)| t=0 = 0 in Ω.
(1)
The principal symbol of the operator (−E) is given by
We readily notice that taking u = ξ or ξ ⊥ one can get the eigenvalues of p (−E) (x, ξ) as
with multiplicity 1 and 2 respectively corresponding to the eigenspaces {rξ, r ∈ R} and {ξ ⊥ }. The c p and c s above are known as the speeds of the p − wave and the s − wave respectively. Now, let us consider the Dirichlet to Neumann map Λ on ∂Ω × [0, T ] as
where σ ij (u) = λ(∇ · u)δ ij + µ(∂ j u i + ∂ i u j ). In this article we show that the Dirichlet to Neumann map determines the density of the elastic body Ω on a neighborhood of the boundary where the measurements have been taken. In [6] Rachele showed that one can recover ∂ m ν ρ, ∂ m ν λ and ∂ m ν µ, for m = 0, 1, 2, . . . on the boundary from the Dirichlet to Neumann map Λ defined in (2) . Later in [7, 8] it has been proved that one can recover the sheer and the compressional speeds c s , c p and also the density ρ in the domain from the Dirichlet to Neumann map defined on the full boundary. The above results assume that there are no caustics or conjugate points in the domain. In [1] authors proved the uniqueness of the lens relations and derive several consequences from the Dirichlet to Neumann map for an isotropic elastodynamics with residual stress, without the assumption of caustics and conjugate points. Recently in [11] the authors have proved that one can recover the sheer and the compressional speeds c s and c p in a part of the domain Ω from the Dirichlet to Neumann map measured only on a part of boundary, assuming some geometric conditions on Ω. The geometric condition they consider is the domain (or a part of it) has a strictly convex foliation with respect to the metric c −2 p/s dx 2 . This condition of having a strictly convex foliation admits domains with caustics and conjugate points. For a detailed description of convexly foliated domains see [4, 11, 12] .
We consider geometric optics type solution for the homogeneous isotropic elastodynamics equation and calculate the phase and the amplitude function. We calculate the asymptotic expansion of the amplitude and deduce the necessary conditions for the terms in the expansion of the amplitude in the local coordinate of the the Riemannian metric
Simplifying the conditions on the asymptotic expansion and using the given boundary data we get an integral identity involving a 2-tensor consisting of the wave speeds c p , c s and the density ρ. Hence, our problem reduces to a question of inverting local geodesic ray transform of a symmetric 2-tensors with respect to the Riemannian metric g = c
Here we use the results of [13, 12] to invert the ray transform and recover the density on a neighborhood of the boundary where the Dirichlet to Neumann map is given. For more details on geodesic ray transforms of functions and symmetric tensors, see [9, 4, 10] .
Our result determines the density coefficient ρ on a neighborhood of the part of the boundary where the Dirichlet to Neumann map is given. One important application of this kind of inverse problem arises in seismic imaging. For more details in the applications of inverse problems in elastodynamics see [2, 14] . To define the part of the domain where we prove the uniqueness of the density, let us consider the following. Let (Ω, g) be an extension of (Ω, g). Let p ∈ ∂Ω and ∂Ω is strictly convex near p. Let θ ∈ C ∞ (Ω) be the local boundary defining function on a neighborhood of p such that θ > 0 in Ω. Similar to [13, 12] we consider a functionx onΩ asx(p) = 0 and dx(p) = −dθ(p). Fix c > 0 and consider the neighborhood Ω p = {x ≥ −c, θ ≥ 0} of p inΩ. Let us denote S = ∂Ω ∩ ∂Ω p . We assume that S is strictly convex with respect to g when viewed from Ω p . The other boundary of the lens shaped domain Ω p (i.e. dx = −c) is concave when viewed from inside of Ω p . Having the required notations, let us now state the main theorem of this article.
be smooth onΩ, satisfying strong convexity condition
Remark 1. This result gives injectivity of ρ on a neighborhood S of p ∈ ∂M where the Dirichlet to Neumann map is given. The densities are unique on a subset of Ω p where c p = 2c s . The assumption of c p = 2c s also occurs in [8] while the author proves the uniqueness of the density from the Dirichlet to Neumann map given on the full boundary.
Remark 2. Under some geometric assumptions on the domain, one can extend the above result in the interior of Ω. One example of this kind of assumption is the strictly convex foliation condition on a neighborhood of S in Ω. This condition was used in [11] to prove the uniqueness of the sheer and the compressional speed on a part of Ω from the Dirichlet to Neumann map given on a part of the boundary.
In the next section we construct a geometric optics solution of the homogeneous elasticity equation and calculate the asymptotic expansion of the amplitude function involved in the solution.
Construction of a geometric optics solution
Consider the following initial boundary value problem
on Ω.
In this section we construct a geometric optics solution of the above initial value problem (3). We start with
where the solution operators E k , k = 0, 1 solves the following equation modulo a smoothing operator.
The solution operators, given in terms of Fourier integral operators, are defined as
The phase function φ ± p/s (t, x, ξ) is homogeneous of order 1 in ξ and solves the eikonal equations defined as det
where p(t, x, τ, ξ) is the principal symbol of P given as
One can simplify the condition on φ ± p/s given in (6) as
We can choose the initial value to be φ ± p/s | t=0 = x · ξ and solve the above equation using the theory of Hamilton-Jacobi operators.
Unlike the phase function φ ± p/s , the amplitude cannot be determined using only the principal symbol p. Let us now consider the sub-principal symbol p 1 (t, x, τ, ξ) of P as the sum of the lower order terms in the full symbol of P . The expression of p 1 is given as
Now, the amplitude a j ±,k,p/s (t, x, ξ) can be written as
where (a j,l ±,k,p/s ) α is homogeneous of order α in |ξ|. In order to calculate the explicit form of (a j,l ±,k,p/s ) α let us define the unit vectors N =
where (h
, m = 1, 2 are scalars. Denoting (a ±,k,p/s ) α to be the 3 × 3 matrix with its (j, l)-th coefficients to be (a
where (a ±,k,p/s ) 1 = 0 and
Observe that from (11) we get a necessary condition that
where
In the next section we calculate the functions (a ±,k,p/s ) α for α = 0, −1 and get an integral identity relating the Dirichlet to Neumann map.
The equation on the null-bicharacteristics
Observe that using [11] one can prove that in Ω p the sheer and the compressional speeds (c s and c p ) are unique if the Dirichlet to Neumann map is same on S. In [11] authors have used the null bicharacteristics which are the curves along which the principal symbol of P is a singular matrix. They proved that the singularities of the boundary data propagates through the null bicharacteristics and from there they proved the result. In this article we go further in to the sub principal symbol of the operator P and show that from the local boundary data we get a local geodesic ray transform involving the density coefficient ρ.
Note that the following calculation is invariant under the choice of different sets of parameters (λ, µ, ρ) hence we remove the index i from the functions c p and c s in the following calculation. Here we model the path of the null-bicharacteristics of the operator P . Observing the equation
we get that the null-bicharacteristics of the operator P are along the sets {τ = ±c p/s |ξ|}. Let us consider the case of p − waves in the following analysis. Consider Γ ± p be the null bicharacteristics corresponding to τ = ±c p |ξ|, that is the integral curves of the Hamilton vector fields V H such that det p(t, x, τ, ξ) = 0 for (t, x, τ, ξ) ∈ Γ ± p . For the Hamiltonian H = τ ∓ c p |ξ| the vector field V H is defined by (see [3, 8] )
Hence we get that if Γ ± p is parameterized by s ∈ R then τ = ±c p |ξ| and dt ds = c
Let us consider the compatibility condition (13) for forward p-wave and α = 0. Using equation (10) we get
Now to calculate the term B p (N ⊗ (b ±,k,p ) 0 ) we define the symmetric tensor product as
One can show
Observe that for compressional waves N =
Using (14) we get
Hence, from (15) we calculate
Using (14) the above equality reduces to (see [8, Equation (35) 
Hence for s 0 ∈ R so that (t(s 0 ), x(s 0 )) ∈ ∂Ω we get
Similarly we derive the compatibility condition for a −1 = (a
Using the similar calculation as above and from the above equation we get
Let γ ± be a p-wave geodesic, projection of Γ ± p on M , with end points γ ± (s 0 ) = x 0 and γ ± (s 1 ) = x 1 , where x 0 , x 1 ∈ S. By our choice of parameterization γ ± is parameterized by s. Then from the differential equation (17) we get the transport equation
where C is a constant and
Recall the definitions of Ω p and g given in Section 1. Observe that the analysis above holds locally near Γ ± p whose projection on (Ω, g) are geodesics. We choose the class of null-bicharacteristics Γ ± p so that the projection of it lies in Ω p with end points on S. Using the fact that the Dirichlet to Neumann map is zero on S and a computation of the terms given in equation (17), (18) 
where γ ± is a geodesic in Ω p with endpoints on S. and
Where,
Using the Theorem 1.1 from [12] we get B = dv on Ω p where v is a smooth 1-form on Ω p vanishing on S.
Inverting the ray transform
Our aim is to prove ρ 1 = ρ 2 on Ω p from the integral identity (20). We already have that B = dv on Ω p where v vanishes on S. To proceed further we define the Saint-Venant operator which will help us to classify the kernel of the geodesic ray transform (20).
Definition 4.1 (Saint-Venant Operator [9] ). The Saint-Venant operator W takes a symmetric 2-tensor to a symmetric 4-tensor defined as
where σ(i 1 i 2 ) is the symmetrization operator defined for symmetric tensor fields as
where Π 2 is the permutation group of {1, 2}.
We denote d g v = σ(∇ g v) (similarly d e v = σ(∇ e v)) for any 1-form v, where ∇ g (resp. ∇ e ) is the Riemannian connection corresponding to the metric g (the Euclidean metric e) and σ denotes the symmetrization of the 2-tensor ∇ g v (or ∇ e v). 
Therefore for X = e i and Y = e j , where e k ∈ R 3 with 1 in the k−th entry and 0 otherwise, 
